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Abstract. A rather simple natural outer derivation of the graded Lie algebra of all
vector valued differential forms with the Fro¨licher-Nijenhuis bracket turns out to be a
differential and gives rise to a cohomology of the manifold, which is functorial under
local diffeomorphisms. This cohomology is determined as the direct product of the
de Rham cohomology space and the graded Lie algebra of ”traceless” vector valued
differential forms, equipped with a new natural differential concomitant as graded
Lie bracket. We find two graded Lie algebra structures on the space of differential
forms. Some consequences and related results are also discussed.
1. Notation
1.1 The Fro¨licher-Nijenhuis bracket. Let M be a smooth manifold of dimen-
sion m throughout the paper.
We consider the space Ω(M ;TM) =
⊕m
k=0 Ω
k(M ;TM) of all tangent bundle
valued differential forms on M . Below K and L will be elements of Ω(M ;TM)
of degree k and ℓ, respectively. It is well known that Ω(M ;TM) is a graded Lie
algebra with the so called Fro¨licher-Nijenhuis bracket
[ , ] : Ωk(M ;TM)× Ωℓ(M ;TM)→ Ωk+ℓ(M ;TM).
For its definition, properties, and notation we refer to [Mi, 1987].
1.2. In the investigation of the Lie algebra cohomology of the graded Lie alge-
bra (Ω(M ;TM), [ , ]) in [Sch,1988] the following exterior graded derivation of
degree 1 appeared:
δ : Ωk(M ;TM)→ Ωk+1(M ;TM)
Before its definition we need another operator. Let the contraction or trace c :
Ωk(M ;TM)→ Ωk−1(M) be given by c(ϕ⊗X) = iXϕ, linearly extended. We also
put
c¯ | Ωk(M ;TM) := (−1)
k−1
m−k+1 c
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for reasons which become clear in lemma 2.1 below.
Then let δ(K) := (−1)k−1dc(K) ∧ I, where I = IdTM ∈ Ω
1(M ;TM) is the
generator of the center of the Fro¨licher–Nijenhuis algebra. This operator is a
derivation with respect to the Fro¨licher-Nijenhuis-bracket, so we have δ([K,L]) =
[δ(K), L] + (−1)k[K, δ(L)]; furthermore δ ◦ δ = 0. These properties are proved in
[Sch,1988] and are straightforward to check, using lemma 2.1 below.
2. The cohomology space H(Ω(M ;TM), δ)
2.1. Lemma. The mapping j := ( ∧I) : Ωk(M) → Ωk+1(M ;TM) is a right
inverse for c¯ and the following diagram commutes for k < m:
(a)
Ωk−1(M)
j
−−−−→ Ωk(M ;TM)
c¯
−−−−→ Ωk−1(M)
d
y 1m−k+1 δ
y d
y
Ωk(M)
j
−−−−→ Ωk+1(M ;TM)
c¯
−−−−→ Ωk(M)
Proof. Both operators are local and in a coordinate system we write I = IdTM =∑
dxi ⊗ ∂i. Let ϕ ∈ Ω
k(M), then we have
c(ϕ ∧ I) = c
(∑
i ϕ ∧ dx
i ⊗ ∂i
)
=
∑
i
(
i∂iϕ ∧ dx
i + (−1)kϕ ∧ i∂idx
i
)
= (−1)k−1kϕ+ (−1)kmϕ = (−1)k(m− k)ϕ.
The rest is a consequence of this. 
2.2. Since c¯ ◦ j = Id, the mapping P := j ◦ c¯ : Ω(M ;TM) → Ω(M ;TM) is a
projection, so P ◦ P = P and
Ω(M ;TM) = imP ⊕ kerP,
K = c¯(K) ∧ I+K ′.
(a)
Note that j is injective; this has the following consequences: K ′ in the decomposi-
tion (a) is characterized by c¯(K ′) = 0. Moreover δ(K) = 0 if and only if dc¯(K) = 0.
Finally kerP = ker c¯ = ker c; we will denote this space by
(b) C(M) =
m⊕
k=0
Ck(M).
Then Ck(M) = {K ∈ Ωk(M ;TM) : c¯(K) = 0 } = C∞(Ek(M)) is the space of
smooth sections of a certain natural vector bundle over M , namely the subbundle
ker c of ΛkT ∗M ⊗ TM . If (U, x) is a chart on M , the sections dxi1 ∧ . . .∧ dxik ⊗ ∂j
with i1 < · · · < ik and j 6= il for all l give a local framing of this bundle. Note
that C0(M) = X (M), the space of all vector fields, and that C1(M) is the space
of all traceless endomorphisms TM → TM . For this reason elements of C(M) will
be called traceless vector valued differential forms. Note that Cm(M) = 0 since
c¯ : Ωm(M ;TM)→ Ωm−1(M) is a linear isomorphism.
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2.3. Let us define the natural bilinear concomitant
S : Ωk(M ;TM)× Ωℓ(M ;TM)→ Ωk+ℓ−2(M)
by S(ϕ⊗X,ψ ⊗ Y ) = iY ϕ ∧ iXψ for decomposable vector valued forms.
Lemma. Then we have
c([K,L]) = (−1)kΘ(K)c(L)− (−1)kℓΘ(L)c(K)− (−1)kdS(K,L).
Proof. Since both sides are local in K and L we may assume that K = ϕ⊗X and
L = ψ ⊗ Y are decomposable. Then by formula [Mi, 1987, 1.7.7] we have
(a) [K,L] = ϕ ∧ ψ ⊗ [X, Y ] + ϕ ∧Θ(X)ψ ⊗ Y −Θ(Y )ϕ ∧ ψ ⊗X+
+ (−1)k (dϕ ∧ iXψ ⊗ Y + iY ϕ ∧ dψ ⊗X) .
This implies the lemma by a straightforward computation. 
2.4. Theorem. (C(M), [ , ]c) is a graded Lie algebra, where
(a) [K,L]c := [K,L]− (−1)
ℓ
m−k−ℓ+1
dS(K,L)∧ I.
It is a quotient of a subalgebra of (Ω(M ;TM), [ , ]). The bracket [ , ]c
is a natural bilinear differential concomitant of order 1, that means f∗[K,L]c =
[f∗K, f∗L]c for each local diffeomorphism f .
This theorem will be proved jointly with theorem 2.5 below.
2.5. Theorem. The cohomology of the graded Lie algebra Ω(M ;TM) is decom-
posed into:
Hk(Ω(M ;TM), δ) ∼= Hk−1dR (M)⊕ (ker c¯)
k
= Hk−1dR (M)⊕ C
k(M)
(a)
The induced bracket
[ , ] : Hk(Ω(M ;TM), δ)×Hℓ(Ω(M ;TM), δ)→ Hk+ℓ(Ω(M ;TM), δ)
corresponds to the direct product of the graded Lie algebra (C(M), [ , ]c) with
the abelian algebra (H∗−1dR (M), 0).
Proof of 2.4 and 2.5. By diagram 2.1.a we have induced mappings in cohomol-
ogy j♯ = ( ∧I)♯ : H∗−1dR (M) → H
∗(Ω(M ;TM), δ) and c¯♯ : H∗(Ω(M ;TM), δ) →
H∗−1dR (M) ; again c¯
♯ ◦ j♯ = Id, so P ♯ = j♯ ◦ c¯♯ is also a projection in cohomology,
and we have the decomposition
Hk(Ω(M ;TM), δ) ∼= (imP ♯)k ⊕ (kerP ♯)k = Hk−1dR (M)⊕ C
k(M).
Here we used that j♯ : Hk−1dR (M) → (imP
♯)k is a linear isomorphism, and that
kerP ♯ = kerP since δ = ±dc( ) ∧ I implies im δ ⊂ im j = imP and kerP =
ker c¯ ⊂ ker δ.
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Since the differential δ is a graded derivation, ker δ is a graded Lie subalgebra of
(Ω(M ;TM), [ , ]), the space im δ is an ideal in ker δ and the cohomology space
H(Ω(M ;TM), δ) is a graded Lie algebra.
It remains to investigate the induced bracket. LetK = c¯(K)∧I+K ′ ∈ (ker δ)k ⊂
Ωk(M ;TM) = (imP )k ⊕ (kerP )k and similarly L = c¯(L) ∧ I + L′, then by using
formula [Mi, 1987, 1.7.6] we may compute as follows:
[K,L] = [c¯(K) ∧ I, c¯(L) ∧ I] + [c¯(K) ∧ I, L′] + [K ′, c¯(L) ∧ I] + [K ′, L′]
= 0− (−1)kℓΘ(c¯(L) ∧ I)c¯(K) ∧ I+ (−1)kdc¯(K) ∧ iI(c¯(L) ∧ I)
+ 0− (−1)kℓΘ(L′)c¯(K) ∧ I+ (−1)kdc¯(K) ∧ iIL
′
+ 0 +Θ(K ′)c¯(L) ∧ I− (−1)kℓ+ℓdc¯(L) ∧ iIK
′
+ [K ′, L′]
= Θ(K ′)c¯(L) ∧ I− (−1)kℓΘ(L′)c¯(K) ∧ I+ [K ′, L′],
since by the definition of δ we have dc¯(K) = 0 and dc¯(L) = 0 for k, ℓ < m. By 2.2
we have c¯(K ′) = 0 and c¯(L′) = 0, so by 2.2, 2.3, and 2.4 we have
[K ′, L′] = c¯([K ′, L′]) ∧ I+ [K ′, L′]c
= (−1)
ℓ
m−k−ℓ+1
dS(K ′, L′) ∧ I+ [K ′, L′]c.
(b)
Since c¯(K) is closed, Θ(L′)c¯(K) = i(L′)dc¯(K)− (1)
ℓ−1di(L′)c¯(K) is exact, likewise
Θ(K ′)c¯(L) is exact. Therefore in H(Ω(M ;TM), δ) = H∗−1(M) ⊕ C(M) we have
[α+K ′, β + L′] = [K ′, L′]c. So H∗−1(M) is an abelian ideal of H∗(Ω(M ;TM), δ),
the subspace (C(M), [ , ]c) is an ideal of H∗(Ω(M ;TM), δ), and a quotient of
the graded Lie algebra j(Z∗−1(M))⊕ C(M). The differential concomitant [ , ]c
is natural since its composants (in 2.4) are all natural. 
3. Extensions of the graded Lie algebra C(M)
3.1. Graded Lie subalgebras of Ω(M ;TM). Let
Ω∗−1(M) =
⊕m−1
k=0 Ω
k(M), Z∗−1(M) =
⊕m−1
k=0 Z
k(M),
B∗−1(M) =
⊕m−1
k=0 B
k(M), H∗−1dR (M) =
⊕m−1
k=0 H
k
dR(M)
be the graded spaces of de Rham forms, cycles, boundaries, and cohomology classes,
respectively, where we exchanged the top degree spaces for 0.
Theorem. With this notation we have:
(1) B∗−1(M) ∧ I is an abelian ideal in Ω∗(M ;TM).
(2) Z∗−1(M) ∧ I is an abelian ideal in Ω∗(M ;TM).
(3) Ω∗−1(M) ∧ I is a graded Lie subalgebra of Ω∗(M ;TM).
Therefore (Ω∗−1(M), [ , ]) is a graded Lie algebra, where the bracket
induced from the Fro¨licher-Nijenhuis one looks as follows for ϕ ∈ Ωk(M)
and ψ ∈ Ωℓ(M):
[ϕ, ψ] = (−1)k−1
(
dϕ ∧ ℓψ − (−1)(k−1)(ℓ−1)dψ ∧ kϕ
)
= (−1)k−1
(
Θ(I)ϕ ∧ iIψ − (−1)
(k−1)(ℓ−1)Θ(I)ψ ∧ iIϕ
)
Proof. Straightforward computations using [Mi, 1987, 1.7]. 
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3.2. Extensions of C(M). If we collect all relevant parts in the proof of theorem
2.5 we get for K = c¯(K)∧I+K ′ ∈ (Zk−1(M)∧I)⊕Ck(M) and L = c¯(L)∧I+L′ ∈
(Zℓ−1(M) ∧ I)⊕ Cℓ(M) the following formula:
(a) [K,L] =
(
Θ(K ′)c¯(L)− (−1)kℓΘ(L′)c¯(K) + σ(K ′L′)
)
∧ I+ [K ′L′]c,
where σ : Ck(M)× Cℓ(M)→ Bk+ℓ−1(M) ⊂ Zk+ℓ−1(M) is defined by
σ(K ′, L′) := (−1)
ℓ
m−k−ℓ+1
dS(K ′, L′).
Now by 3.1.2 we have an exact sequence of graded Lie algebras
(b) 0→ Z∗−1(M)
j
−→ (Z∗−1(M) ∧ I) ⊕ C(M)→ C(M)→ 0,
which describes an abelian extension of C(M). By 2.4 we have
Θ([K ′, L′]c) = Θ([K ′, L′]− σ(K ′, L′) ∧ I)
= [Θ(K ′),Θ(L′)]− σ(K ′, L′) ∧Θ(I)|Z(M)
= [Θ(K ′),Θ(L′)].
(c)
So Θ gives a graded Lie module structure over C(M) to Z∗−1(M) and consequently
σ is a cocycle for the graded Lie algebra cohomology of (C(M), [ , ]c) with
coefficients in the C(M)-module Z∗−1(M), because the second cohomology classifies
equivalence classes of abelian extensions, just as in the non graded case. For the
convenience of the reader we sketch this in 3.3 below. A direct check shows that
indeed the cocycle equation for σ is valid and is equivalent to the graded Jacobi
identity for (C(M), [ , ]c).
3.3. Cohomology of graded Lie algebras. In the following we write down the
definitions for the graded cohomology of a Z-graded Lie algebra L =
⊕
k∈Z L
k with
coefficients in a graded L-module V . So V =
⊕
k∈Z V
k is a graded vector space
and Θ : L → End(V ) is a homomorphism of graded algebras (of degree 0, where
the bracket on End(V ) is the graded commutator). Our definitions are different
from but equivalent to those of [Le], which are also used in [Sch]; we obey Quillen’s
rule strictly.
Let Λp(L;V )q be the space of all p-linear mappings Φ : L× · · · × L→ V , which
are of degree q, i.e., Φ(X1, . . . , Xp) ∈ V
x1+···+xp+q for Xi ∈ L
xi , and which are
alternating in the sense that Φ reacts to interchanging Xi and Xi+1 with the sign
−(−1)xixi+1 .
Now let us define the differential ∂ : Λp(L;V )q → Λp+1(L;V )q by
(∂Φ)(X0, . . . , Xp) =
∑
i
(−1)αi+xiq Θ(Xi)Φ(X0, . . . ,
︷︸︸︷
Xi , . . . , Xp)
+
∑
i<j
(−1)αi+αj−xixjΦ([Xi, Xj], X0, . . . ,
︷︸︸︷
Xi , . . . ,
︷︸︸︷
Xj , . . .Xp),
where αi = i + xi(x0 + · · · + xi−1), and where the brace over a symbol means
that it has to be deleted. Then one may check that ∂ ◦ ∂ = 0, and we denote
by Hp(L;V )q := Hp(Λ∗(L;V )q, ∂) the resulting cohomology and call it the graded
cohomology of the graded Lie algebra L.
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Theorem. H2(L;V )0 is isomorphic to the set of equivalence classes of abelian
extensions of L by V .
The proof of this is completely analogous to the non-graded case after the inser-
tion of some obvious signs.
3.4. The Nijenhuis-Richardson bracket. Recall from [Ni-Ri, 1967] or [Mi,
1987], that there is a natural graded Lie algebra structure on Ω∗−1(M ;TM), given
by
[K,L]∧ = i(K)L− (−1)(k−1)(ℓ−1)i(L)K.
Theorem. For the Nijenhuis-Richardson bracket we have
(1) C∗−1(M) is a graded Lie subalgebra of (Ω∗−1(M ;TM), [ , ]∧).
(2) Ω∗(M)∧I is a graded Lie subalgebra of (Ω∗−1(M ;TM), [ , ]∧). Therefore
(Ω∗(M), [ , ]∧) is a graded Lie algebra, where the induced bracket looks
as follows for ϕ ∈ Ωk(M) and ψ ∈ Ωℓ(M):
[ϕ, ψ]∧ = (ℓ− k)ϕ ∧ ψ
= ϕ ∧ iIψ − (−1)
kℓψ ∧ iIϕ 
None of these two subalgebras is an ideal, so there is no extension. For the
structure of the whole algebra in terms of the subalgebras see [Mi, 1988]
Compare the formulas here and in 3.1. They rise the question, whether there is
general procedure behind them.
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